We theoretically characterize interactions, energetics, and chemical reaction paths in ionic twobody and three-body systems of alkali-metal and alkaline-earth-metal atoms in the context of modern experiments with cold hybrid ion-atom mixtures. Using ab initio techniques of quantum chemistry such as the coupled-cluster method, we calculate ground-state electronic properties of all diatomic AB + and most of triatomic A2B + molecular ions consisting of Li, Na, K, Rb, Cs, Mg, Ca, Sr, Ba, and Yb atoms. Different geometries and wave-function symmetries of the ground state are found for different classes of molecular ions. We analyze intermolecular interactions in the investigated systems including additive two-body and nonadditive three-body ones. As an example we provide twodimensional interaction potential energy surfaces for KRb + +K and Rb + +Sr2 mixtures. We identify possible channels of chemical reactions based on the energetics of the reactants. The present results may be useful for investigating controlled chemical reactions and other applications of molecular ions formed in cold hybrid ion-atom systems.
The field of ultracold quantum matter has seen groundbreaking developments in recent years, unfolding perspectives for numerous applications in precision measurements [1] , many-body physics [2] , and controlled chemistry [3] experiments. Laser cooling and trapping techniques have allowed one to prepare and manipulate ultracold atoms, ions, and molecules with full control over their quantum states, recently, also at the single particle level [4, 5] . Further developments in experimental methods have opened the way for combining ultracold trapped ions and atoms in a single experimental setup [6] [7] [8] . Most of ion-atom experiments use alkaline-earth-metal ions trapped and laser-cooled in a Paul trap immersed into ultracold neutral alkali-metal or alkaline-earth-metal atoms trapped in magnetic, magneto-optical, or dipole traps [8] . Alkaline-earth-metal ions and alkali-metal atoms are employed because of their electronic sturcture favorable for laser cooling. Several cold atomic ion-atom combinations have already been experimentally investigated, including: Yb + +Yb [9] , Ca + +Rb [10] , Ba + +Ca [11] , Yb + +Ca [12] , Yb + +Rb [13] , Ca + +Li [14] , Ca + +Rb [15] , Ca + +Na [16] , Yb + +Li [17, 18] , Sr + +Rb [19] , Rb + +Rb [20, 21] , Na + +Na [22] .
Cold hybrid ion-atom experiments can be used to realize and investigate cold collisions [13, 20, 23] , controlled chemical reactions [24, 25] , charge and spin transfer dynamics [18, 26] , quantum simulation [27] , and quantum computation [28] . In such systems, diatomic molecular ions can be produced via spontaneous or stimulated charge-transfer radiative association or photoassociation [29, 30] , however, only RbCa + [10, 15] , RbBa + [31] , CaYb + [12] , CaBa + [11] molecular ions have * michal.tomza@fuw.edu.pl been observed as products of cold collisions between respective ions and atoms. For higher atomic densities, the three-body processes resulting in the formation of molecular ions additionally play a role [21, 32, 33] . Cold molecular ions can also be produced by the ionization of ultracold molecules [34] [35] [36] or by sympathetic cooling of molecular ions from higher temperature [37, 38] . Molecular ions, which possess additional rotational and vibrational degrees of freedom, can likewise be immersed into ultracold atomic gases opening the way for novel applications in cold controlled ion-atom chemistry [39] [40] [41] [42] [43] [44] [45] [46] , precision measurement [47, 48] , and quantum simulation of many-body physics [49] . In this context, we investigate theoretically the two-body and three-body interactions and chemical reactions in ionic alkali and alkaline-earth diatomic and triatomic systems.
Three-body and many-body nonadditive interactions are important for understanding the emergence of bulk matter properties, crucial across all areas of physics [50] . They have been theoretically investigated in neutral spinpolarized triatomic molecules consisting of alkali-metal atoms [51] [52] [53] [54] [55] [56] , alkali-earth-metal atoms [53, 57, 58] , and Cu, Zn, Au, Ag atoms [53, 59, 60] . The nonadditive interactions have also been intensely studied in clusters of ions with small molecules [61, 62] . On the contrary, the knowledge of nonadditive interactions in metallic molecular ions or ionic clusters is limited [63] [64] [65] [66] [67] .
In this paper, we theoretically investigate the groundstate electronic structure of single-charged molecular ions formed from two or three interacting alkali-metal and alkaline-earth-metal atoms. We calculate ground-state electronic properties of all diatomic AB + and most of triatomic A 2 B + molecular ions consisting of Li, Na, K, Rb, Cs, Mg, Ca, Sr, Ba, and Yb atoms using ab initio techniques of quantum chemistry. We obtain equilibrium distances, atomization energies, ionization potentials, permanent electric dipole moments, and polarizabilities. A variety of equilibrium geometries for the trimers from linear through isosceles triangular to equilateral triangular are discovered. Furthermore, we evaluate and characterize three-body nonaddtive interactions in these systems at equilibrium geometries. We also provide two-dimensional interaction potential energy surfaces for KRb + +K and Sr 2 +Rb + mixtures. We identify possible channels of chemical reactions in ionic two-body: A + +B and AB + , and three-body systems: A + + AB, AB + + A, and A 2 B + , based on the energetics of the reactants. Additionally, we present example calculations of minimum energy paths for the isomerisation reaction of linear alkali-metal trimers in the lowest triplet electronic state between asymmetric AAB + and symmetric ABA + arrangements. The present results may be useful for investigating controlled chemical reactions and other applications of molecular ions in modern experiments with cold ion-atom mixtures.
The paper has the following structure. Section II describes the theoretical methods used in the ab initio electronic structure calculations. Section III presents and discusses the results concering diatomic molecular ions, triatomic molecular ions, and channels of chemical reactions. Section IV summarizes the paper and points to further applications and extensions of the presented results and methodology.
II. THEORETICAL METHODS
In order to obtain potential energy curves (PECs) and surfaces (PESs) within the Born-Oppenheimer approximation, we adopt the computational scheme successfully applied to the ground-state interactions between polar alkali-metal dimer [56] and between linear polyatomic anions with alkali-metal and alkaline-earth-metal atoms [43] . Thus, to calculate PECs and PESs we employ the close-shell or spin-restricted open-shell coupled cluster methods restricted to single, double, and noniterative triple excitations, starting from the restricted close-shell or open-shell Hartree-Fock orbitals, CCSD(T) [68, 69] . The interaction energies are obtained with the supermolecule method and the basis set superposition error is corrected by using the counterpoise correction [70] 
where V AB , V ABC , and V AB+C are interaction energies between A and B; A, B, and C; and AB within the rigid rotor approximation and C, respectively. E ABC , E AB , and E X denote the total energy of trimer, dimer, and monomer computed in a dimer or trimer basis set.
The three-body nonadditive interaction in triatomic molecular ions is defined as
where V ABC is the interaction energy in the three-atom system while V XY are the two-body interactions, all defined by Eq. (1) and calculated in the trimer basis set. The Li, Na, and Mg atoms are described with the augmented correlation-consistent polarized core-valence quadruple-ζ quality basis sets (aug-cc-pCVQZ) [71] . The scalar relativistic effects in the K, Rb, Cs, Ca, Sr, Ba, and Yb atoms are included by employing the small-core relativistic energy-consistent pseudopotentials (ECP) to replace the inner-shell electrons [72] . The use of the pseudopotentials allows one to model the inner-shell electron density as accurately as the high quality atomic calculations employed to fit the pseudopotentials and to use larger basis sets to describe the valence electrons. The pseudopotentials from the Stuttgart library are used in presented calculations. The K, Ca, Rb, Sr, Cs, Ba, and Yb atoms are described with the ECP10MDF, ECP10MDF, ECP28MDF, ECP28MDF, ECP46MDF, ECP46MDF, and ECP60MDF pseudopotentials [73, 74] [73, 74] . The used basis sets were developed in Refs. [75] [76] [77] [78] . The basis sets are additionally augmented in all calculations for diatomic molecular ions by the set of the [3s3p2d2f 1g] bond functions [79] .
To find equilibrium interatomic distances for diatomic molecular ions AB + , we calculate full PECs, whereas for triatomic molecular ions A 2 B + we explore twodimensional PESs around their minima. To this end, we employ two kinds of a PES minimization. First, and for the majority of systems, we assume an isoscales triangular geometry with each of the A atoms bound to the B atom situated on the symmetry axis of the molecular ion. Therefore the PES becomes a two-dimensional function of two coordinates V (R, θ), where R is the distance between the B atom and each of the A atoms, and θ is the angle between the two legs of the triangle. When θ equals 180 degrees, the molecular ion becomes linear and shows a higher symmetry of the D ∞h point group with the general formula ABA + . The second kind of the PES minimisation applies to linear trimers that fall into the C ∞v symmetry group with the general formula AAB + . Then, PES is a function of two interatomic distances V (R AA , R AB ), where R AA is the distance between two A atoms, and R AB is the distance between the central A atom and B atom. We confirm that found minima are not saddle points in three-dimensional optimizations.
The static electric dipole and quadrupole polarizabilities of atoms and the polarizabilities and permanent electric dipole moments of diatomic molecular ions are calculated with the CCSD(T) and finite field methods. The z axis is chosen along the internuclear axis and is oriented from an atom with a larger ionization potential to an atom with a smaller ionization potential, and the origin is set in the center of mass. The adiabatic and vertical ionization potentials (IP ad and IP ver ) and the vertical electron attachment energies (EA ver ) are extracted from energy calculations for diatomic molecular ions AB + and neutral molecules AB as presented for the exemplary KRb + molecular ion in Fig. 1 .
To assess the accuracy of the employed ab initio methods, Table I collects the static electric dipole and quadrupole polarizabilities, ionization potentials, and the lowest S − P excitation energies of alkali-metal and alkaline-earth-metal atoms. Present theoretical values are compared with the most accurate available theoretical or experimental data. The calculated static electric dipole and quadrupole polarizabilities agree with previous data within 0.1-5.7 a.u. and 9-314 a.u. that correspond to an error of 0.1-2.2 % and 0.6-3.7 %, respectively. The ionization potentials and the lowest S − P excitation energies coincide with experiential results within 23-255 cm −1 and 7-190 cm −1 that is 0.05-0.6 % and 0.05-1 %, respectively. Additionally, we compare the available experimental data for the 1 Σ + state of all 15 neutral alkali-metal molecules [80] with calculated values, and the mean absolute error for the dissociation energy is 74 cm −1 (1.6 %), while for the equilibrium bound length it is 0.013 bohr (0.18 %). Overall agreement between calculated properties and the most accurate available theoretical or experimental data is very good. This confirms that the employed CCSD(T) method, energy-consistent pseudopotentials, and basis sets properly reproduce correlation energy and include relativistic effects, while being close to convergence in the size of the basis function set. Thus, the used methodology should also provide an accurate description of interaction energies for investigated molecular ions. Based on the above and our previous experience, we estimate the total uncertainty of the calculated PECs for diatomic molecular ions and PESs for triatomic molecular ions at the global minima to be [89] 50443 [83] 18903 [83] of the order of 100-300 cm −1 that corresponds to 2-5% of the interaction energy. The lack of the exact treatment of the triple and higher excitations in the employed CCSD(T) method and the quality of employed energyconsistent pseudopotentials in reproduction of relativistic effects are primary limiting factors. All electronic structure calculations are performed with the Molpro package of ab initio programs [126] . The isosurfaces of electronic density for selected trimers are generated with the Gaussian software [127] .
III. RESULTS AND DISCUSSION

A. Diatomic molecular ions AB +
The electronic ground state of diatomic molecular ions AB + composed of either two alkali-metal or two alkaline-earth-metal atoms is of an open-shell doublet 2 Σ + symmetry, which becomes 2 Σ + g for homonuclear alkali-metal ions and 2 Σ + u for homonuclear alkalineearth-metal ions. Diatomic molecular ions containing one alkali-metal atom and one alkaline-earth-metal atom have a closed-shell singlet 1 Σ + symmetry. All considered TABLE II. Characteristics of alkali-metal diatomic molecular ions in the 2 Σ + electronic ground state: equilibrium interatomic distance Re (in bohr), well depth De (in cm −1 ), harmonic constant ωe (in cm −1 ), rotational constant Be (in cm −1 ), permanent electric dipole moment de (in D), perpendicular and parallel components of the static electric dipole polarizability α e and α ⊥ e (in a.u.), vertical electron attachment energy EAver (in cm −1 ), vertical and adiabatic ionization potential of corresponding neutral molecule IPver (in cm −1 ) and IP ad (in cm −1 ), and dissociation limit. Previous calculations are cited in the last column. IV. Characteristics of alkali-metal-alkaline-earth-metal diatomic molecular ions in the 1 Σ + electronic ground state: equilibrium interatomic distance Re (in bohr), well depth De (in cm −1 ), harmonic constant ωe (in cm −1 ), rotational constant Be (in cm −1 ), permanent electric dipole moment de (in D), perpendicular and parallel components of the static electric dipole polarizability α e and α ⊥ e (in a.u.), vertical electron attachment energy EAver (in cm −1 ), vertical and adiabatic ionization potential of corresponding neutral molecule IPver (in cm −1 ) and IP ad (in cm −1 ), and dissociation limit. Previous calculations are cited in the last column. Here, for completeness and comparison, and to analyze trends, we calculate the electronic ground-state properties of all 55 diatomic molecular ions consisting of Li, Na, K, Rb, Cs, Mg, Ca, Sr, Ba, and Yb atoms. Among investigated homo-and heteronuclear molecular ions, 15 species consist of two alkali-metal atoms, 15 species consist of two alkaline-earth-metal atoms, and 25 species consist of one alkali-metal atom and one alkaline-earthmetal atom. The calculated properties include: groundstate potential energy curves, equilibrium interatomic distances R e , well depths D e , harmonic constants ω e , rotational constants B e , permanent electric dipole moments d e , perpendicular and parallel components of the static electric dipole polarizabilities α e and α ⊥ e , vertical electron attachment energies EA, and vertical and adiabatic ionization potentials of corresponding neutral molecules IP ver and IP ad . They are collected in Table II for alkali-metal molecular ions, in Table III for alkalineearth-metal molecular ions, and in Table IV for mixed alkali-metal-alkaline-earth-metal molecular ions. To calculate harmonic and rotational constants, atomic masses of the most abundant isotopes are assumed. Additionally PECs and permanent electric dipole moments for selected systems are presented in Fig. 2 and Fig. 3 , respectively. Full potential energy curves, permanent electric dipole moments, and electric dipole polarizabilities as a function of interatomic distance are available for all investigated systems from the authors upon request.
AB
Ion-atom interactions are dominated by the induction component, which can be understood in terms of the interaction of the charge of an ion with the electronic cloud of a neutral partner [8] . Therefore, PECs for all investigated diatomic molecular ions have the average of the well depths around 6000 cm −1 and are deeper than PECs for corresponding neutral molecules. Among alkali-metal dimers, the Li + 2 molecular ion is the most strongly bound with D e = 10451 cm −1 , while the NaCs + molecular ion is the most weakly bound with D e = 3226 cm −1 . Among alkaline-earth-metal dimers, the Mg + 2 molecular ion is the most strongly bound with D e = 10532 cm −1 , while the MgBa + molecular ion is the most weakly bound with D e = 3569 cm −1 . Among mixed alkali-metal-alkalineearth-metal dimers the range of binding energies is the largest. For this class of compounds, the LiBa + molecular ion is the most strongly bound with D e = 11674 cm −1 , while the CsMg + molecular ion is the most weakly bound with D e = 1861 cm −1 . For all considered groups of molecular ions, larger binding energies are mostly correlated with smaller equilibrium distances. All equilibrium interatomic distances are between 5.45 bohr for LiMg + and 9.95 bohr for Cs + 2 with the average around 7.5 bohr. In general, all homonuclear diatomic molecular ions are more strongly bound than related heteronuclear ones due to the more efficient charge delocalization in homonuclear ions. Within homonuclear compounds, the lightest elements have the largest binding energies (see Fig. 2(a,d) ). If the charge is localized at one of the atoms (the one with a smaller ionization potential), than the strength of the interaction is correlated with the polarizability of the neutral partner (see Fig. 2 (b,c) where the charge is mostly localized at Rb, especially at larger internuclear distances, except RbCs + ). Within mixed alkalimetal-alkaline-earth-metal molecular ions, with exception of LiBa + , the positive charge is localized at the alkali-metal atom due to its much lower ionization potential (electronegativity) (see Table. I). Thus, in the series of molecular ions consisting of the Rb ion and alkalineearth-metal atom, the dissociation energy increases visibly with increasing polarizability of the alkaline-earthmetal atom and is the largest for the RbBa + molecular ion while the lowest for the RbMg + one (see Fig. 2(c) ). In contrast, in the series of molecular ions consisting of the Sr atom and alkali-metal ion, the long-range part of the interaction is determined by the polarizability of the Sr atom and is similar for all compounds. Additionally, a clear trend of an increasing biding energy with the decreasing atomic size is visible for those molecular ions, that indicates a certain degree of covalent bonding (see Fig. 2(e) ).
The permanent electric dipole moments are calculated with respect to the center of mass, which is a natural choice for studying the ro-vibrational dynamics. Exem-plary results for selected diatomic molecular ions are presented in Fig. 3 . Their absolute values increase with increasing internuclear distance and asymptomatically approach the limiting cases d(R) ≈ µ m A + R, where the charge is completely localized on the ion A + corresponding to the atom with the smaller ionization potential (m A + is the mass of the A + ion and µ is the reduced mass of the ion-atom system). This behavior is typical for heteronuclear molecular ions and implies that even molecular ions in very weakly bound states have effectively a significant permanent electric dipole moment in contrast to neutral molecules [146] . The differences between calculated values and limiting cases are the interaction-induced variations of the permanent electric dipole moments or, in other words, they describe the degree of charge transfer and delocalization. For most of alkali-metal and alkaline-earth-metal dimers, the calculated permanent dipole moments have a negative sign for the equilibrium distance. This means that the charge is significantly delocalized and transferred from the ion with smaller ionization potential to the second atom due to chemical bonding and orbital mixing at equilibrium distances. For alkali-metal-alkaline-earth-metal molecular ions, the sign of the permanent dipole moments is mostly positive indicating weaker charge transfer and delocalization. In general, the calculated permanent electric dipole moments take values between zero and 10 D for KYb + . Large permanent electric dipole moments may be useful for control with electromagnetic fields or dipolar interactions. Similarly, calculated molecular polarizabilities describe interactions with laser field and may give information about anisotropy of intermolecular interactions [147] .
The ionization potentials for all molecular ions AB + are smaller than the smallest ionization potential among related constituent atoms A and B, because PECs for molecular ions AB + are deeper than for neutral molecules AB (cf. Fig. 1 ). At the same time the adiabatic and vertical ionization potentials of neutral molecules AB, and the vertical electron attachment energies to molecular ions AB + are very similar, because the equilibrium distances for molecular ions and parent neutral molecules are similar.
Calculated PECs' parameters agree well with results obtained previously for selected systems by other authors, including spectroscopic measurements and calculations using different electronic structure methods such as effective large-core pseudopotentials with corepolarization potentials. Absolute deviations of potentials' well depths between previous and our results in most cases are in the range of 100-300 cm −1 , within our estimated error bars (see e.g. [30, 93, 102, 118, 132-134, 141, 143-145] for representative examples). The equilibrium distances agree within 0.05-0.2 bohr, while calculations with large-core pseudopotentials usually give a bit smaller equilibrium distances. For the readability of calculated characteristics collected in Tables II-IV and due to space limitations, we do not present detailed com-TABLE V. Characteristics of alkali-metal triatomic molecular ions A2B + in the singlet 1 A1 electronic ground state. All molecular ions have an isosceles triangular equilibrium geometry within the C2v point group. Consecutive columns list: equilibrium angle between the two even legs of the triangle αe, equilibrium leg length RAB, well depth of the triatomic ion De, additive two-body part of the binding energy D 2b , nonadditive three-body part of the binding energy D 3b , and dissociation limit. Assuming an isosceles triangular geometry, triatomic heteronuclear molecular ions A 2 B + composed of three alkali-metal atoms in the electronic ground state have a closed-shell 1 A 1 symmetry within the C 2v point group. Homonuclear trimers A + 3 of alkali-metal atoms additionally show three-fold rotational symmetry. The lowest energetic triplet state of the alkali-metal trimers have a 3 B 2 symmetry. The ground state of alkaline-earth-metal trimers has a doublet multiplicity and can be either in a 2 A 1 or 2 B 2 representation of the C 2v symmetry group. Homonuclear alkaline-earth-metal trimers do not show three-fold symmetry as opposed to homonuclear alkalimetal triatomic ions.
We calculate the potential energy surfaces for all 25 alkali-metal triatomic molecular ions A 2 B + consisting of Li, Na, K, Rb, Cs in the lowest singlet 1 A 1 electronic state (ground state) at the isosceles triangular geometry and all 45 alkali-metal triatomic molecular ions in the lowest triplet 3 B 2 electronic state which coreduces to the 3 Σ + u and 3 Σ + symmetries at two possible linear geometries ABA + and AAB + , respectively. The equilibrium geometries, that is the equilibrium angles between the two even legs of the triangle α e and equilibrium leg lengths R AB for the isosceles triangular singlet states and the equilibrium distances between the first and the second atom R 12 and equilibrium distances between the second and the third atom R 23 for the linear triplet states, are collected in Table V and Table VI , respectively.
We also calculate the potential energy surfaces for 20 symmetric forms of alkaline-earth-metal triatomic molecular ions ABA + consisting of Mg, Ca, Sr, Ba, Yb in the lowest doublet 2 A 1 electronic state at the isosceles triangular geometry and 16 asymmetric forms of alkalineearth-metal triatomic molecular ions AAB + in the doublet 2 A 1 electronic ground state which coreduces to the 3 Σ + symmetry at the linear geometry. Additionally, we investigate the potential energy surfaces for 20 symmetric alkaline-earth-metal triatomic molecular ions A 2 B + TABLE VI. Characteristics of alkali-metal triatomic molecular ions AAB + and ABA + in the lowest triplet 3 B2 electronic state which coreduces to the 3 Σ + and 3 Σ + u symmetries at a linear equilibrium geometry within the C∞v and D ∞h point groups, respectively. Consecutive columns list: equilibrium distance between the first and the second atom R12, equilibrium distance between the second and the third atom R23, well depth of the triatomic ion De, additive two-body part of the binding energy D 2b , nonadditive three-body part of the binding energy D 3b , and dissociation limit. VII. Characteristics of symmetric forms of alkaline-earth-metal triatomic molecular ions ABA + in the lowest doublet 2 A1 electronic state within the C2v point group which coreduces to the 3 Σ + g symmetry at a linear equilibrium geometry within D ∞h point group. Calculated potential energy surfaces for most of the molecular ions have two local minima: one at the linear or obtuse angle isosceles triangular geometry (below both listed as linear) and another at the acute angle isosceles triangular geometry (below listed as triangular). Characteristics for both minima are included. Consecutive columns list: equilibrium angle between the two even legs of the triangle αe, equilibrium leg length RAB, well depth of the triatomic ion De, additive two-body part of the binding energy D 2b , nonadditive three-body part of the binding energy D 3b , and dissociation limit. Table VII, Table VIII, and Table IX , respectively. Combinations containing more than one Yb atom are not presented because of numerical complexity and discrepancies between results obtained with different pseudopotentials.
Together with equilibrium geometries, the well depths of the triatomic ions and their decomposition into additive two-body and non-additive three-body parts are reported in Tables V-IX. For molecular ions, and ionneutral complexes in general, there is an ambiguity in the decomposition of the interaction energy into twobody or many-body contributions, because this decomposition depends on the formal assignment of the charge to one of the monomers. In the interacting ion-neutral systems, the charge can be delocalized or transferred to other monomer. The problem is minimized for systems where one of the monomers has significantly smaller ionization potential than others. In the present study, we as-TABLE VIII. Characteristics of asymmetric forms of alkaline-earth-metal triatomic molecular ions AAB + in the lowest doublet 2 A1 electronic state which coreduces to the 2 Σ + symmetry at a linear equilibrium geometry within the C∞v point group. Consecutive columns list: equilibrium distance between the first and the second atom R12, equilibrium distance between the second and the third atom R23, well depth of the triatomic ion De, additive two-body part of the binding energy D 2b , nonadditive three-body part of the binding energy D 3b , and dissociation limit. sume that the charge is associated with the atom with the smallest ionization potential. For homonuclear molecular ions the most symmetric position of the charge is assumed.
All heteronuclear alkali-metal triatomic molecular ions A 2 B + have the electronic ground state of the singlet 1 A 1 symmetry at an isosceles triangular geometry with the B on the symmetry axis within the C 2v point group (see Table V ). Homonuclear ions A + 3 have the electronic ground state of the singlet 1 A ′ 1 symmetry at a equilateral triangular geometry within the D 3h point group. The Na 2 Li + molecular ion is the most strongly bound with D e = 26004 cm −1 , followed by Li + 3 and Li 2 Na + with D e = 23610cm −1 and D e = 20281cm −1 , respectively. The Na 2 Cs + , K 2 Cs + , and Rb 2 Cs + molecular ions are the most weakly bound with D e = 11240cm −1 , D e = 11495cm −1 , and D e = 11502cm −1 , respectively. Interestingly, the three-body interaction destabilizes all alkali-metal triatomic molecular ions except for the most strongly bound Na 2 Li + , which is stabilized by D 3b =3470 cm −1 . On the other hand, the Li + 3 molecular ion with the largest stabilizing two-body term has also the largest destabilizing three-body term of D 3b =-5190 cm −1 .
Equilibrium internuclear distances between any two of the three atoms in singlet-state alkali-metal triatomic molecular ions are generally smaller than in the corre- All heteronuclear alkali-metal triatomic molecular ions in the lowest triplet electronic state have two linear equilibrium geometries: symmetric ABA + and asymmetric AAB + ones, separated be an energy barrier of few thousands cm −1 (see Table VI ). The symmetry of the electronic wave function for the symmetric equilibrium is 3 Σ + u while it is 3 Σ + for asymmetric one. The LiLiLi+ molecular ion is the most strongly bound with D e = 16856 cm −1 , while the NaCsNa + molecular ion is the most weakly bound with D e = 5512cm −1 . If the ionization potential of A is larger than that of B, then the asymmetric AAB + equilibrium geometry has a smaller energy, otherwise the symmetric ABA + geometry is a global minimum of the triplet potential energy surface. Interestingly, the three-body interaction destabilizes all triplet-state homonuclear alkali-metal triatomic molecular ions (e.g. Li + 3 by D 3b = −4158 cm −1 ), whereas its effect for heteronuclear ABA + and AAB + ions depends on the ionization potentials of A and B atoms. If the ionization potential of A is smaller than of B, then the three-body interaction stabilizes both ABA + and AAB + ions, otherwise the three-body interaction stabilizes asymetric AAB + ions but destabilizes symmetric ABA + ones. The largest stabilizing three-body energy term of D 3b = 4842 cm −1 is for the asymmetric LiLiNa + molecular ion, while the largest destabilizing three-body energy term of D 3b = −6179 cm −1 is for the symmetric NaRbNa + molecular ion. Equilibrium internuclear distances between any two of the three atoms in triplet-state alkali-metal triatomic molecular ions are generally larger than in the corresponding ionic dimers.
To explain the different triangular and linear equilibrium geometries of the lowest singlet and triplet electronic states of the alkali-metal triatomic molecular ions, in Fig. 4 , we plot exemplary isosurfaces of highest occupied molecular orbitals (HOMOs) and lowest unoccupied molecular orbitals (LUMOs) for a homonuclear case of these ions. Molecular orbitals for heteronuclear ions look very similar with small alterations due to the broken symmetry. In the singlet state, two valence electrons occupy single orbital which is highly bonding due to a significant charge delocalization and large electron density between nuclei (see Fig. 4(a) ). Two plotted LUMOs are antibonding and degenerate for homonuclear ions. In the triplet state, however, one electron has to be excited from the lowest valence orbital. The second valence orbital has antibonding character at triangular geometry (see Fig. 4(b) ), whereas it starts to be bonding at the linear geometry (see Fig. 4(e) ). Thus, at the linear geometry, two occupied orbitals in the triplet state have bonding character with large electron densities between nuclei that stabilize the triplet-state molecular ions.
Alkaline-earth-metal triatomic molecular ions A 2 B + have five valance electrons occupying two closed-shell and one open-shell valence orbitals in the lowest doublet electronic states, therefore these ions have a richer structure of possible equilibrium geometries as compared with alkali-metal ions. Their electronic ground state can have either doublet 2 A 1 or 2 B 2 symmetry within the C 2v point group symmetry. Interestingly, for both electronic symmetries there may exist two minima, the first one at an isosceles triangular geometry with the B atom on the symmetry axis within the C 2v point group symmetry, and the second one at a linear or close to linear geometry.
Among homonuclear triatomic alkaline-earth-metal molecular ions A + 3 , Mg + 3 , Ca + 3 , and Sr + 3 have their ground state of the 2 A 1 symmetry, while Ba + 3 has the 2 B 2 symmetry ground state. In the 2 A 1 state, Mg + 3 has a single global minimum of the 2 Σ + g symmetry at the linear geometry, while Ca + 3 , Sr + 3 , Ba + 3 have two local minima. For Ca + 3 , the minimum at the linear geometry in the global minimum. For Sr + 3 and Ba + 3 there are two local minima at triangular geometries, one with acute and one with obtuse (close to 180 degrees) angles. In the 2 A 1 state, the global minimum of Sr + 3 is at an obtuse angle while the global minimum of Ba + 3 is at an acute angle. PESs for Ca + 3 and Ba + 3 in the 2 A 1 and 2 B 2 electronic states are presented in Fig. 6 . For both ions and both states, two local minima are clearly visible. In the 2 A 1 state, two minima have similar well depths, while in the 2 B 2 state, the minima at the acute triangular geometry have much larger well depths. Therefore in Table IX we report global minima of the 2 B 2 state only.
Heteronuclear alkaline-earth-metal molecular ions A 2 B + have an additional local minimum at the asymmetric AAB + linear geometry of the 2 A 1 state which coreduces to the 2 Σ + symmetry and has a similar well depth as other minima. The Sr 2 Mg + , Sr 2 Yb + , Ba 2 Mg + , Ba 2 Ca + , Ba 2 Sr + , and Ba 2 Yb + molecular ions have their ground state of the 2 B 2 symmetry at the acute triangular geometry. All remaining heteronuclear alkaline-earthmetal trimers, notably all of the compounds with two Mg or Ca atoms, have their ground state of the 2 A 1 symmetry with a variety of geometries from symmetric linear to acute or obtuse triangular ones and asymmetric linear ones. Interestingly, all heteronuclear molecular ions containing one Yb atom have their ground state at the asymmetric linear geometry. Among all alkaline-earthmetal triatomic molecular ions, the Mg + 3 ion in the 2 A 1 state, is the most strongly bound with D e = 16408 cm −1 , followed by other homonuclear ions in the 2 A 1 and 2 B 2 states. On the other hand, heteronuclear alkaline-earthmetal molecular ions containing two Mg atoms are the most weakly bound. The Mg 2 Ba + ion at the symmetric close-to-linear geometry in the 2 A 1 state has the well depth of D e = 6386 cm −1 , the same MgMgBa + ion at the asymmetric linear geometry in the 2 A 1 state has a well depth of D e = 3744 cm −1 and Mg 2 Ba + does not have a minimum in the 2 B 2 state. Equilibrium internuclear distances in alkaline-earthmetal triatomic molecular ions are smaller or larger, than equilibrium distances of the corresponding ionic and neutral dimers, depending on triatomic ions's electronic state and geometry. For the linear geometry, both symmetric and asymmetric molecular ions generally have larger equilibrium distances. For the isoscales triangular geometry, the molecular ions in the 2 A 1 electronic state have the distance between A and B atoms (the legs of the triangle) smaller while between two A atoms (the base of the triangle) larger as compared with the corresponding ionic dimers, while the molecular ions in the 2 B 2 electronic state shown the opposite pastern.
To understand the different equilibrium geometries of the alkaline-earth-metal triatomic molecular ions, in Fig. 5 , we plot exemplary isosurfaces of valence orbitals for a homonuclear case of these ions in the 2 A 1 electronic state at the linear geometry and in the 2 B 2 electronic state at the triangular geometry. Molecular orbitals for heteronuclear ions look similar with small alterations due to the broken symmetry. Interestingly, the molecular orbitals of the 2 A 1 electronic state having the 2 Σ + g symmetry at the linear geometry, resemble the molecular orbitals of the alkali-metal triatomic molecular ions in the triplet 3 B 2 electronic state having the 2 Σ + u symmetry at the same geometry. Two lowest closed-shell valence orbitals have bonding character with large electron densities between nuclei that stabilize the linear molecular ions (see Fig. 5 (a) and Fig. 5(b) ). The bonding character of the second valence orbital is reduced for triangular geometries, thus the linear minimum of the 2 A 1 electronic state is relatively stabilized. On the other hand, the electron delocalization is reduced in molecular valence orbitals for alkaline-earth-metal triatomic molecular ions in the 2 B 2 electronic state. In fact, the structure of molecular orbitals for this state can be well described as a sum of molecular orbitals of an A + 2 diatomic molecular ion in the 2 Σ u electronic state and a ground-state B atom. Thus no proper chemical bonding is present in the 2 B 2 electronic state and the acute triangular geometry is favored for this state because of steric effects. The interplay of the structure of molecular orbitals and the correlation of valence electrons results in two local minima for most of symmetric alkaline-earth-metal triatomic molecular ions in contrast to alkali-metal ions.
Interestingly, homonuclear alkaline-earth-metal triatomic molecular ions have a permanent electric dipole moments along their symmetry axis. In the 2 B 2 electronic state, Mg + 3 , Ca + 3 , Sr + 3 , and Ba + 3 have permanent electric dipole moments of 1.71 D, 0.33 D, 0.51 D, and 0.77 D, respectively. Obtained permanent electric dipole moments are in agreement with the picture presented using molecular orbital description of 2 B 2 -state molecular ions as A + 2 + B in the previous paragraph. Additionally, calculations of partial electric charges, e.g. using Hirshfeld analysis, confirm the favored charge localization at A + 2 . Heteronuclear alkaline-earth-metal triatomic molecular ions have larger permanent electric dipole moments of the order of magnitude as in diatomic molecular ions.
Three-body interaction destabilizes all alkaline-earthmetal triatomic molecular ions in the 2 A 1 electronic state at the acute triangular geometry and almost all ions in the 2 B 2 electronic state with the exception of Ba 2 Mg + . The largest destabilizing three-body energy terms are for homonuclear ions with the largest value of D 3b = −5452 cm −1 for Ca + 3 in the 2 A 1 state at the triangular geometry. Interestingly, for the 2 A 1 electronic state at the linear geometry, the effect of three-body interactions is analogous as for alkali-metal molecular ions in the 2 A 1 at the same geometry. That is the three-body interaction stabilizes all the asymmetric AAB + ions while the symmetric ABA + ones are stabilized only if the ionization potential of A is larger than that of B.
Unfortunately, for alkaline-earth-metal triatomic molecular ions, the ambiguity in the decomposition of the interaction energy into two-body or three-body contributions is larger than for alkali-metal ions. In fact, the sign of three-body energies can change for some ions, if other assignment of the charge to the monomers is employed. The most striking examples are homonuclear triangular ions in the 2 A 1 electronic state which do not form equilateral triangles and for which the three-body energy changes by few thousands cm −1 for different charge assignments. Detailed studies of unambiguous many-body energy decomposition in ionic systems are out of the scope of the present work.
C. Chemical reactions in ion-neutral systems
The prospects for sympathetic cooling and applications of molecular ions immersed into ultracold atomic gases or atomic ions immersed into ultracold molecular gases can be jeopardized by possible chemical reactions, on one hand, however cold and controlled chemical reactions in these systems can be an interesting subject of study on its own, on the other hand [39] [40] [41] [42] [43] [44] [45] [46] .
To study chemical reactions, potential energy surfaces of adequate quality are needed. In Fig. 7 , we present exemplary non-reactive two-dimensional PESs within the rigid rotor approximation for high-spin interaction between the KRb + molecular ion and K atom, and between the Rb + atomic ion and Sr 2 molecule. PESs are showed together with their decompositions onto Legendre components. Both surfaces are very anisotropic, with the first and second anisotropic Legendre component almost as large as the isotropic one. This suggests large inelastic rate coefficients for collisional rotational relaxation in the considered systems. We will study the potential energy surfaces for reactive ion-neutral collisions in triatomic alkali-metal and alkaline-earth-metal systems in the future, while in next paragraphs we analyze possible channels of chemical reactions based on the energetics of the reactants.
In the considered diatomic ion-atom systems there can be several paths of collision-and interaction-induced chemical reactions related to the charge rearrangement [8] . The radiative charge transfer (RCT)
where the electron is spontaneously transferred from the B atom to the A + ion emitting a photon of energy ω. This process is possible when the ionization potential of the neutral A atom is not smaller than the ionization potential of the B atom [146] ,
The non-radiative charge transfer (nRCT) driven by nonadiabatic couplings can also be possible for the same energetic condition if electronic states associated with A + + B and A + B + thresholds form an avoided crossing at shorter internuclear distances. The radiative association (RA)
where the A + ion and the B atom spontaneously form a AB + molecular ion in a (v, j) ro-vibrational state emitting a photon of energy ω. Such a process driven by the transition between two electronic states is possible when the reaction (3) is energetically allowed or when the interaction energy in the AB + molecular ion is larger or equal to the missing difference of the ionization potentials. The spontaneous radiative association is also possible (but very unlikely) for all polar complexes AB + driven by the transition between ro-vibrational levels of the electronic ground state. Finally, the spontaneous radiative deexcitation of the formed AB + molecular ion in an excited (j, v) ro-vibrational level to lower-energy levels is feasible
Energetics of reactions given by Eq. (3) and Eq. (5) can be assigned by using the data from Table I. In the considered triatomic ion-atom systems, combinations of ultracold molecular ions with atoms, AB + +C, or atomic ions with molecules, A + + BC, lead to a broad range of possible chemical reactions related to the charge or atom rearrangement. Their possibility and energetics can be assigned by using the atomic and molecular data provided in the present work and collected in Tables I-IX together with previous results for neutral molecules [56, 80] .
The non-radiative (or radiative) charge transfer
is possible when the electron attachment energy of the AB + molecular ion or A + ion is not smaller than the ionization potential of the neutral C atom or BC molecule,
where EA(A + ) = IP (A), while EA(AB + ) ≈ IP (AB) for systems with diagonal Franck-Condon factors between levels of AB + and AB. The radiative association is also possible for the same energetic conditions,
The non-radiative (or radiative) ion-exchange reaction
is possible when the dissociation energy of AB + is not larger than the dissociation energy of BC + , provided lack of charge transfer between B + and C, D 0 (BC + ) ≥ D 0 (AB + ) for IP (B) ≤ IP (C) . (11) If the charge transfer between B + and C is possible, the above condition has to be corrected D 0 (BC + ) + IP (B) − IP (C) ≥ D 0 (AB + ) for IP (B) > IP (C) . The radiative or non-radiative atom-exchange reaction
is possible when the dissociation energy of AB + is not larger than the dissociation energy of BC, provided the ionization potential of A is not larger than the ionization potential of B,
If the ionization potential of A larger than of B, the above condition has to be corrected 
The reverse reaction to the one given by Eq. (13) is possible for reversed conditions of Eqs. (14)- (15) . The collisional dissociation associated with the charge transfer AB + + C → A + B + C + ,
is possible when the ionization potential of A is larger than the ionization potential of C by more than the dissociation energy of AB + or BC IP (A) − IP (C) ≥ D 0 (AB + ) , IP (A) − IP (C) ≥ D 0 (BC) .
In the case of ro-vibrationally exited molecular ions, the collision-induced deexcitation may also happen AB + (v, j) + C → AB + (v ′ , j ′ ) + C .
In the case of linear molecular ions, the collisioninduced isomerisation is possible
where the reaction direction depends on which isomer has a larger energy. The minimum-energy reaction paths for the spontaneous isomerisation of selected alkali-metal triatomic molecular ions are presented in Fig. 8 . The spontaneous isomerisation is strongly suppressed because of the large energy barriers, nevertheless the heights of those barriers give a good estimation of the interaction energy needed to allow for collision-induced isomerisation. If molecular reactants are not in the ground vibrational level (v=0), then their dissociation energies D 0 in all the above conditions should be replaced by dissociation energies for considered vibrational level, D v .
If the above considered reactions are energetically forbidden, they may potentially be induced by the laserfield excitation of involved reactants [11, 44, 45] . If the excitation energy to the lowest excited electronic state of one of atomic or molecular reactants is larger than the missing reaction energy then the endoenergetic chemical reaction on the ground potential energy surface becomes exoenergetic on the electronically-excited potential energy surface [41] .
The presented atomic and molecular data also allows to assign energetics of ionic chemical reactions AB + + AB + → A + 2 + B + 2 , AB + + CD + → AC + + BD + ,
however such reactions are not relevant for ultracold systems due to highly repulsive nature of the Coulomb interaction.
IV. SUMMARY AND CONCLUSIONS
Experiments employing ultracold molecular ions and ion-neutral mixtures are a promising platform to further our understanding of physical basis of chemistry and to perform high precision measurements essential for testing fundamental laws of nature. Compared to neutral molecules, molecular ions are easier to prepare, trap, and detect. In this paper, we have presented theoretical results for all ground-state diatomic AB + and most of triatomic A 2 B + molecular ions consisting of alkalimetal and alkaline-earth-metal atoms. We have em-ployed ab initio techniques of quantum chemistry, such as the coupled cluster method restricted to single, double, and noniterative triple excitations, CCSD(T), combined with large Gaussian basis sets and small-core energyconsistent pseudopotentials, to obtain equilibrium distances, atomization energies, ionization potentials, permanent electric dipole moments, and polarizabilities.
We have predicted a wide range of dissociation energies and permanent electric dipole moments for the dimers, and a variety of equilibrium geometries for the trimers from equilateral triangular through isosceles triangular to linear. We have also evaluated and characterized threebody nonaddtive interactions in these systems at equilibrium geometries. We have identified possible channels of chemical reactions in ionic two-body: A + +B and AB + , and three-body systems: A + + AB, AB + + A, and A 2 B + , based on the energetics of the reactants. Additional, we have provided two-dimensional interaction potential energy surfaces for KRb + +K and Sr 2 +Rb + mixtures and we have presented example calculations of minimum energy paths for the isomerisation reaction of linear alkaline-metal trimers in the lowest triplet electronic state between asymmetric AAB + and symmetric ABA + arrangements.
The present results may be useful for investigating controlled chemical reactions and other applications of alkali and alkaline-earth molecular ions immersed in or formed from ultracold gases. Collected molecular properties can be employed in quantum scattering calculations or easily used to access chemical characteristics of selected systems realized in modern cold hybrid ion-neutral experiments. In the future, we plan to use the calculated potential energy surfaces to study two-body and three-body collisions in ion-neutral systems and to extend presented results for three-body interactions of atomic and molecular ions with atoms or molecules in excited electronic states.
